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Abstract
In two dimensions, it is well known that the scale invariance can be considered as con-
formal invariance. However, there is no solid proof of this equivalence in four or higher
dimensions. we address this issue in the context of 4d N = 1 SUSY theories. The SUSY ver-
sion of dilatation current for theories without conserved R symmetry is constructed through
the FZ-multiplet. We discover that the scale-invariant SUSY theory is also conformal when
the real superfield in the dilatation current multiplet is conserved. Otherwise, it is only
scale-invariant, despite of the transformation of improvement.
1 Introduction
In two dimensions, the equivalence between scale and conformal invariance has been proved
in terms of a “c theorem ” [1, 2]. At the classical level this statement is argued to be still true
in four-dimensional ( 4d ) QFT [3]. However, it is unclear at the quantum level generally,
although some examples ( e.g, see [2, 4, 5, 6, 7]) with or without supersymmetry (SUSY)
have been proposed in the literature.
The difference between scale and conformal invariance in SUSY can be understood from
the viewpoint of structure of their groups [8]. The generators for the group of scale invariance
include a dilatation operator ∆ and those of super-Poincare group. The elements of the group
for super-conformal symmetry are bigger. In particular, the super-conformal group contains
a R-symmetric generator. So one might guess the role played by the R symmetry in 4d
SUSY theory is crucial for discriminating scale invariance from conformal invariance.
Following the intuition, we address the connection between two symmetries in the context
of 4d N = 1 SUSY. The first task we should solve is the realization of dilatation current of
SUSY version. This is tied to two elements. At first, the SUSY version of dilatation current
is actually to address the SUSY generalization of momentum-energy tensor Tµν [10, 11].
There are a few such multiplets known as supercurrent multiplets which admit the Tµν as a
component freedom. These supercurrent multiplets are classified into Ferrara-Zumino (FZ)-
multiplet [12], R- multiplet [13] and S- multiplet [14], (see also [15, 16]). The connection
between scale and conformal invariance has been discussed in [9] in terms of R- multiplet,
which admits a conserved R symmetry. In this paper, we explore the FZ multiplet, which
conversely doesn’t admit such conserved R symmetry.
The other element which is crucial for our discussion is the ambiguity in the definition
of Tµν . As this is the main source for incorporating the scale and conformal invariance. In
what follows, we simply review the transformation of improvement due to the ambiguity in
QFT, and then take care of the improvement in its SUSY version.
The paper is organized as follows. In section 2, inspired by the construction of dilatation
current multiplet for R-multiplet [9], we consider the SUSY version of dilatation current
and virial current multiplet in the case of FZ multiplet. In section 3, we use the consistent
constraints of unitarity for scale-invariant SUSY theory and closure of SUSY algebra as the
main tool to explore the structure of the virial current multiplet. We find that the the scale-
invariant SUSY theory is also conformal when the real superfield in the dilatation current
multiplet is conserved. Otherwise, it is only scale-invariant, despite of the transformation of
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improvement. Together with the claim on conditions for the equivalence between these two
symmetries in R-symmetric case [9], we complete understanding their 4d SUSY version.
2 Supercurrent and Dilatation Current Multiplet
2.1 4D version in QFT
Before we discuss the SUSY version of the dilatation current, let us recall its definition in 4d
quantum field theory (QFT). Given a QFT with scaling invariance, there exists a conserved
current, i.e, the dilatation current ∆µ, which is found to be,
∆µ = x
νTµν +Oµ (2.1)
Here Oµ refers to the virial current that does not explicitly depend on the spacetime coor-
dinates. Scale invariance gives rise to an anomaly for the derivative of the virial current,
T = −∂µOµ (2.2)
which shows that the virial current must also be conserved if QFT with scale invariance is
promoted to be conformal. In other words, the anomaly involved the virial current in (2.2)
is a character for scale invariance against conformal invariance. As illustrated by Polchinski
in Ref. [2], scale-invariant QFT can be promoted to be a conformal one if and only if the
virial current permits the structure as
Oµ = jµ + ∂νLµν , (2.3)
with Lµν is an anti-symmetric tensor and jµ an conserved current, ∂
µjµ = 0.
There are two important issues which determine whether virial current is allowed to
have the structure as in (2.3). The first issue is the ambiguity in the definition of the 4d
energy-momentum tensor,
Tµν → Tµν + (∂µ∂ν − ηµν∂2)ϕ (2.4)
which transfers the ambiguity into the definition of virial current via (2.2). The second issue
involves in the SUSY version of (2.1). Inspired by the connection between supersymmetric
current Sµα and Tµν from viewpoint of SUSY algebra, they can be embedded into super-
multiplets known as super-current multiplets. In what follows, we choose the super-current
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multiplet which doesn’t allow the R symmetry, i.e, the FZ-multiplet Jµ 1. We follow the
conventions of Wess and Bagger [17] 2, and present the explicit component expression for
FZ-multiplet in the appendix A. In the appendix, it is easy to see that the divergence of
bottom component jµ = ∂
αα˙Sαα˙ = i
(
D¯2X¯ −D2X), from which this global current is not
conserved except in the case of R-multiplet.
2.2 Dilatation Current Multiplet
The SUSY version of (2.1) can be realized by a multiplet ∆µ defined as,
∆µ = x
ν
{
−1
8
σ¯α˙αµ [Dα, D¯α˙]Jν +
1
16
ǫνµρσ
(
σ¯α˙α
)ρ {Dα, D¯α˙}J σ + 1
4
ηµν(D
2X + D¯2X¯)
}
+Oµ
(2.5)
with ∆µ being the bottom component of real superfield ∆µ in (2.1), from which one can
verify (2.1) by using the component expression in the appendix A. The SUSY version of
(2.2) can be directly read from (2.5),
∂µOµ = 3
16
(D¯2X¯ +D2X) (2.6)
In parrel to the previous discussion in the 4d version of QFT, it is crucial to figure out
the ambiguity of superfield Oµ defined in (2.5) before we proceed to discuss its structure.
The constraint on supercurrent Jµ, D¯α˙Jαα˙ = DαX is not affected by an improvement as
[14],
Jαα˙ → Jαα˙ − 2iσµαα˙∂µ(Y − Y¯ )
X → X − 1
2
D¯2Y¯ (2.7)
where Y a chiral superfield. The improvement (2.7) shifts both the energy-momentum tensor
and the supersymmetry current simultaneously as,
Sµα → Sµα + 2i (σµν)βα ∂νY |θβ
Tµν → Tµν − (∂µ∂ν − ηµν∂2)Re Y | (2.8)
1 Supercurrent multiplets without conserved R symmetry include S- and FZ-multiplet. Consider the fact
that under certain limits [14] the former reduces to either the later one or the R multiplet, we will study the
FZ-multiplet.
2The bi-spinor representation for vector field is taken as,
Jαα˙ = −2σµαα˙Jµ, and Jµ =
1
4
σ¯α˙α
µ
Jαα˙
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Substituting the second improvement in (2.7) into (2.6) leads to the SUSY version of the
improvement transformations,
∂µOµ → ∂µOµ − 3
32
(
D2D¯2Y¯ + D¯2D2Y
)
(2.9)
Here are a few comments in order. It is obvious that the transformations in (2.8) don’t
violate the conservations of supersymmetric current ∂µSµα = 0 and energy-momentum tensor
∂µTµν = 0. Nevertheless, it modifies the trace part of energy-momentum tensor as T →
T − 3∂2(ReY |). As we will discuss later, this character potentially interpolates the scale
invariant and conformal invariant theories. That is to say, in a scale-invariant SUSY theory, if
there exists a well-defined Y from UV to deep IR energy scale such that trace part of energy-
momentum tensor T ′ = 0 by the improvement, then this SUSY theory is actually super-
conformal. Otherwise, a scale invariant SUSY theory is exactly allowed to exist, unless it
doesn’t satisfy the examination of unitary constraints (see below for more discussions).
3 Constraints on Virial-current Multiplet
Now we proceed to uncover the structure of virial current superfield through some consis-
tent checks from SUSY algebra and unitarity of scale invariant theories. The fact that the
supercharge Qα has scaling dimension 1/2 implies that,
[Qα,∆] = − i
2
Qα =
∫
d3x[Qα,∆0] (3.1)
By using the component expression for FZ-multiplet in appendix A, one obtains,∫
d3x
(
O0α − i
2
√
2
(σ0ψ¯)α − i(σν0 )βαSµβ −
i
2
S0α
)
= 0 (3.2)
where ψ =
√
2
3
(σµS¯µ) in the case of FZ-multiplet, and Qµα ≡ [Qα,Oµ] as in Ref. [9]. Then
(3.2) gives rise to,
Oµα = i
3
σµαα˙σ¯
να˙βSνβ + (σ
ν
µ)
βδ∂νγβδα + (σ¯
ν
µ)
β˙δ˙∂νγβ˙δ˙α (3.3)
where γβδα and γβ˙δ˙α are local and gauge invariant operators of dimension 5/2.
In the case of conformal field theory, there exist well-known bounds on dimension of local
and gauge invariant operators [8]. Similar situation happens in the case of non-conformal
fixed points [18], in terms of which operators γβδα and γβ˙δ˙α (and higher spin operators) are
found to satisfy [9],
(σνµ)
βδ∂νγβδα = 0, (σ¯
ν
µ)
β˙δ˙∂νγβ˙δ˙α = 0 (3.4)
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Thus, one finds,
Oµα = i
3
σµαα˙σ¯
να˙βSνβ + (σ
ν
µ)
α
β∂νγβ (3.5)
To proceed, we impose the closure of SUSY transformation to extract possible information
on γβ in (3.5) and its descents. It is straightforward to impose the constraints,
(ηβξα − ξβηα)δβδαOµ = 0
(ξαη¯α˙δ
α˙δα − η¯α˙ξαδαδα˙)Oµ = 2i(ξσν η¯)∂νOµ (3.6)
(ξαη¯α˙δ
α˙δα − η¯α˙ξαδαδα˙)γβ = 2i(ξσν η¯)∂νγβ
which will give us some insights about the structure of γβ. In what follows, we follow a set
of definitions of Ref.[9],
δαγβ = iǫαβγ − (σµν)αβγµν ,
δα˙γβ = (σ
µ)βα˙γµ (3.7)
where γ, γµ and γµν is gauge invariant scalar, vector and anti-symmetric tensor operator,
respectively.
In terms of the SUSY transformation (A.5), we obtain from the first constraint in (3.6),
i∂νγνµ +
1
3
∂µγ = 0 (3.8)
Note that (3.8) coincides with what has been found in the case of R-multiplet. Thus, as
discussed in [9], we arrive at the conclusion that scalar γ and tensor field γµν both vanish.
In other words, γα is an anti-chiral superfield,
D2Oµ = D¯2Oµ = 0 (3.9)
Evaluating the second constraint in (3.6), one derives that,
∂νOµ = −2
3
ηνµT − 2
3
ǫµνρσ∂
ρjσ − 1
4
∂ν(γµ + γ¯µ) +
1
4
ηνµ∂
ρ(γρ + γ¯ρ)− i
4
εσρµν∂
σ(γρ − γ¯ρ)
(3.10)
where we have used the anti-commutators of supercharges and supercurrent. From (3.10)
one finds the divergence of virial current,
∂µOµ = − 1
20
∂µ(γµ + γ¯µ) (3.11)
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in term of the relation T = −∂µOµ. Introduce superfield Γα which accommodate γα as the
bottom component, Γα = γα + · · · , we can write (3.11) in the superfield expression
Oµ = 1
40
σ¯α˙αµ
(
D¯α˙Γα −DαΓ¯α˙
)
+ Jµ (3.12)
Following the fact that the anti-symmetric part involved γµ in (3.10) doesn’t contribute
to Oµ in (3.12), one can accommodate this part as,
Uµ = −i(γµ − γ¯µ) + Oˆµ (3.13)
where Uµ and Oˆµ is the vector freedom of real superfield U 3 and a primary operator Oˆ.
Using the last constraint in (3.6), one finds
Γα =
i
2
DαU +
1
2
Oˆα (3.14)
from which (3.12) can be rewritten as
Oµ = −1
2
∂µU +
1
8
σ¯α˙αµ
[
Dα, D¯α˙
] Oˆ (3.15)
where we have made a scaling of Oµ.
In summary, the virial current multiplet in a scale-invariant SUSY theory satisfies
0 = D2Oµ = D¯2Oµ
Oµ = −1
2
∂µU +
1
8
σ¯α˙αµ
[
Dα, D¯α˙
] Oˆ (3.16)
4 Scale Invariance vs Conformal Invariance
According to (2.9) the scale-invariant SUSY theory can be improved to be conformal-
invariant if and only if,
∂µOµ = {D2, D¯2}Yˆ (4.1)
with Yˆ = Y + Y¯ a real superfield. Impose the first constraint of (3.16) on its second one,
one immediately finds that
∂µOµ = −1
4
 U (4.2)
3For illustration, superfield U that can be decomposed into a chiral and its anti-chiral superfield, can
achieve the null contribution from Uµ ∼ ∂µ(A−A∗).
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If U is conserved, the scale-invariant SUSY theory is actually conformal-invariant. Con-
versely, it is only scale-invariant, which is not affected by the improvement (4.1) as we
explain below.
Compare (4.2) with (4.1), one gets the intuition that scale-invariant SUSY with non-
conserved U can be improved to be conformal-invariant if U satisfies,
(
 − c˜ {D2, D¯2})U = 0 (4.3)
with an adjustable real coefficient c˜. Also the improvement suggests that U is proportional
to Yˆ . This means Yˆ should also satisfy (4.3) and D2Yˆ = 0 simultaneously. Substituting the
later into (4.3) leads to,
 Yˆ = 0 ⇔  U = 0 (4.4)
In conclusion, when the virial current multiplet Oµ, defined by the scale-invariant SUSY
theory, doesn’t contain a conserved U , the theory can not be improved to be conformal.
Conversely, when such an U is conserved, the scale-invariant SUSY theory must also be con-
formal, despite of the transition of improvement. Together with the claim on the equivalence
between these two symmetries in R-symmetric case [9], we complete understanding their 4d
SUSY version.
To illustrate the roles played by R symmetry, let us use the SUSY Wess-Zumino model
for example. Given the Kahler potential K(Φi, Φ¯i) and superpotential W (Φi) for chiral
superfields Φi, the FZ-multiplet and X superfield is given by ,
Jαα˙ = 2gi¯i
(
DΦi
) (
D¯Φ¯i¯
)
− 2
3
[Dα, Dα˙]K,
X = 4W − 1
3
D¯2K (4.5)
If there is R symmetry in SUSY Wess-Zumino models, X can be written as the specific form
[14],
X = D¯2
(
1
2
∑
i
RiΦ
i∂iK − 1
3
K
)
= −1
2
D¯2U˜ , (4.6)
It is crucial to note that U is identifies as U˜ that is indeed decomposed of a chiral and its
anti-chiral part. Such U which is constrained by D2U = D¯2U = 0 as in (3.16) trivially sat-
isfies (4.4). Superficially, the super-conformality in this type of R-symmetric Wess-Zumino
model is restored in terms of the transition of improvement. From the viewpoint of virial
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current multiplet, this improvement is actually irrelevant.
Acknowledgement
This work is supported in part by the Doctoral Fund of Ministry of Education of China (No.
20110191120045).
A Communicators
The component expression for Sµ that satisfies the constraint D¯α˙Jαα˙ = DαX + χα is given
by [14],
Jµ = j(S)µ + θα(Sµα −
1√
2
σµψ¯) + θ¯(S¯µ +
1√
2
σ¯µψ) +
i
2
θ2∂µφ
† − i
2
θ¯2∂µφ
+ (θσν θ¯)
(
2Tνµ − ηνµZ + 1
2
ǫµνρσ
(
F (S)ρσ + ∂ρj(S)σ
))
(A.1)
+ θ2
(
i
2
∂ρSµσ
ρ − i
2
√
2
∂ρψ¯σ¯
ρσµ
)
θ¯ + θ¯2θ
(
− i
2
σρ∂ρSµ +
i
2
√
2
σµσ¯
ρ∂ρψ
)
+ θ2θ¯2
(
1
2
∂µ∂
νj(S)ν −
1
4
∂2j(S)µ
)
with
X = φ+
√
2θψ + θ2
(
Z + i∂ρj(R)ρ
)
χα = −iλ(S)α +
(
Dδβα − 2i(σρσ¯σ) βα F (S)ρσ
)
θβ + θ
2σναα˙∂ν λ¯
(S)α˙ (A.2)
The component fields also satisfy two extra constraints,
D = −4T µµ + 6Z, λ(S)α = −2iσµS¯µ + 3i
√
2ψ. (A.3)
According to (A.2), one can derive the SUSY transformation of supercurrent Sµα,
δβ˙Sµα = σ
ν
αβ˙
(
2Tνµ − iηνµ∂ρj(S)ρ + i∂νj(S)µ −
1
2
ǫνµρσF
(S)ρσ − 1
2
ǫνµρσ∂
ρj(S)σ
)
δβSµα = −2ελβ(σµρ)λα∂ρφ∗ (A.4)
as well as their conjugators,
δβS¯µα˙ = σ
ν
βα˙
(
2Tνµ + iηνµ∂
ρj(S)ρ − i∂νj(S)µ −
1
2
ǫνµρσF
(S)ρσ − 1
2
ǫνµρσ∂
ρj(S)σ
)
δβ˙S¯µα˙ = −2ελ˙β˙(σ¯µρ)λ˙α˙∂ρφ. (A.5)
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We can obtain the corresponding relationes for the case of FZ multiplet by taking the
limit χα = 0. The anti-commutators relationes (A.4) and (A.5) modify as,
δβ˙Sµα = σ
ν
αβ˙
(
2Tνµ − iηνµ∂ρjρ + i∂νjµ − 1
2
ǫνµρσ∂
ρjσ
)
δβSµα = −2ελβ(σµρ)λα∂ρφ∗ (A.6)
and
δβS¯µα˙ = σ
ν
βα˙
(
2Tνµ + iηνµ∂
ρjρ − i∂νjµ − 1
2
ǫνµρσ∂
ρjσ
)
δβ˙S¯µα˙ = −2ελ˙β˙(σ¯µρ)λ˙α˙∂ρφ. (A.7)
Here we have used the D = 0 and λ
(S)
α = 0 in (A.3) to cancel the dependence on ψ and Z
fields, from which the conservation of ∂µSµα = 0 is consistent with these anti-commutators.
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